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Abstract 

A low-temperature expansion of QED one-loop effective Lagrangian valid for a 
wide range of parameters is presented in a form of finite sums of elementary func¬ 
tions. Starting from the effective action components of the one-loop polarization 
operator responsible for Hall conductivity and Debye screening are obtained. It 
is shown that in a strong background magnetic held the Debye radius depends 
on spatial direction. 
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1 Introduction 


In the vicinity of some stellar objects the magnetic held strength and the fermion density may 
be very high i.0 and the corresponding qnantnm corrections become important Many 

essential properties of the electron-positron plasma with a constant and uniform magnetic 
held may be obtained in the framework of (3-1-1 )-dimensional quantum electrodynamics 
(QED) with chemical potential /r, temperature T and constant and uniform magnetic held 
B. This theory have been intensively studied in the last 25 years [5-14] using diherent 
approaches and important results were obtained. At the same time, the resulting expressions 
are usually very cumbersome [9-12] (see discussion in Ref. [^) and it is quite difficult even 
to match specihc calculations made in diherent approaches. For that reason an approach 
providing meaningful results in a simple and easily reproducible form would be useful. 

The expression for the one-loop ehective Lagrangian £®®(i?,/r, T) in the hnite temper¬ 
ature and density QED is well-known [§, |T^, . Nevertheless, at specihc values /x, T and 

B this expression may be calculated only numerically: one can get an analytical answer 
for plasma- (i.e. /i- and T-dependent) part of the ehective action £®®(i?,/i, T) in the fi or 
R —>■ cx) limits []^ or the T —0 limit []^, while calculation of C^^{B, fi,T) at intermediate 
values of parameters is difficult. In our previous paper [^ we have shown that it is possible 
to obtain a low-temperature expansion of the one-loop ehective Lagrangian keeping /x and B 
hnite. Low-temperature corrections (as well as /x-dependent part at T = 0) may be expressed 
in terms of elementary functions as a hnite sum over excited Landau levels. 

The situation with the one-loop polarization operator n^j,(p) is similar to that with 
the ehective action. Indeed, a general expression for the one-loop polarization operator at 
R, /X, T 7 ^ 0 was obtained in Refs. It was presented as a decomposition over six 

covariant transversal tensor structures, but the scalar coefficients had a form much more 
complicated than R®®(R,/x, T) itself. On the other hand, for some applications one needs 
only few components of the polarization operator in the static limit {po = 0, p —0), not 
the whole answer. Nevertheless, even the calculation of the static limit from the general 
expression possess serious problems. At the same time, some components of the polarization 
operator may be obtained from the fermion density as derivatives with respect to /x and R and 
as long as the fermion density may be presented in the simple form, one may obtain a simple 
expression for the above components, too. Such calculations were performed in Ref. [|I^ 
to get the components IIoo, Lloi = flj^Q and no 2 = If^g at a low (and zero) temperature in 
the static limit, which have been obtained as hnite sums of the elementary functions (these 
calculation were conhrmed in Ref. where the above components had been calculated at 
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T = 0 as corresponding one-loop integrals at zero external four-momentum). 

In this paper we are continuing the study of the finite density QED with a uniform 
magnetic field at low temperature started in Ref. 


161. We shall demonstrate that in a 


finite temperature and density QED in a strong uniform magnetic field a low-temperature 
expansion may be performed for a wider range of parameters fi and B. We shall pay special 
attention to show how the finite temperature improves analytical properties of the fermion 
density and related quantities, which are piecewise continuous at T = 0 |T^, 0. We shall 
also demonstrate that starting from the effective Lagrangian and using the general properties 
of the polarization operator one can obtain a static screening in the finite temperature and 
density QED with a strong magnetic field. As an example we shall calculate the Debye 
screening for some simple charge configurations to demonstrate that magnetic field splits 
Debye radius in a transversal and a longitudinal parts. 

The paper is organized as follows: in Section 2 a low-temperature expansion of the one- 
loop effective Lagrangian is obtained for the partially filled highest excited Landau level. In 
Section 3 the components of the polarization operator in the static limit are obtained. In 
Section 4 the approach used for a partially filled highest Landau level is extended for the 
Landau level edge crossing the Fermi surface. We calculate the Hall conductivity and show 
how finite temperature smoothens down the inverse square-root singularities. In Section 5 
the Debye screening in the QED plasma with external magnetic field is studied. 


2 Low-temperature expansion in the QED with a mag¬ 
netic field 

We shall consider a finite density QED with a uniform magnetic field. At nonzero chemical 
potential the corresponding Lagrangian isO 

L ^- e4-m)i' . ( 1 ) 

The one-loop effective Lagrangian at T, fi, B 0, C^^{B, fi,T) may be written as 
follows 1,11,111: 


C^^{B, /i, T) = + £"** (5, /i, T) 


'»eff 


eff/ 


( 2 ) 


^In this paper we shall keep the same notations as in Refs. H, H|. We take the external magnetic field 
to be parallel to the z-axis, F12 = —F21 = B; g, eB > 0. 
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where /i, T), 


/r, T) = --^ b, / 4^11 {ln[l + + ln[l + £-^(^'=(^11 (3) 

fc =0 


is the contribution due to the hnite temperature and density (/? = 1/T, py is the modulus 
of the momentum parallel to the magnetic held, ek{p\\) = + 2eBk + py, bk = 2 — 6n,o ) 

and C^^{B), 


C^^{B) = 


ds 


Stt^ 


eBs coth(ei?s) 


-{eBsY exp(—m^s) 
o 


(4) 


is the Euler-Heisenberg effective Lagrangian in the purely magnetic case 
Integrating Eq.(0) by parts one has: 




eB 


(2vr)2 




dp\\ 


n 


^n(Pll) 


(/+(T)+/_(T)) 


(5) 


/±(T) denotes the Fermi distribution, 


Using representation (|^) one can easily obtain a zero temperature limit: at T —0 the 
Fermi distribution approaches the step-function, lim^^o /± = 6'(±p—e) and Eq.(§) reads |^: 


t^{T = 0,H,p) = 


(7) 


eB L -I f /- 

< py jj? — m? — 2eBn 

n=0 [ 


(27r) 


2 r, n N 1 /+ a//^^ — — 2eBn\ 1 

- (m^ 2eBn) In - - \ [ 


where [...] denotes the integral part. To evaluate a low temperature expansion we make 
change a of variables and integrate Eq. (|[) by parts again: 


r«(T,H,p) = 

k " 


e\/ — m? 


2eBn 


{rnk + 2eBn) log(e -|- \/e'^ — m? — 2eBn) (/+ -1- /_) 


OO 

+ 26 - 8)1 


( 8 ) 
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/ V m'-^+2eBn 


(k 


e\f^ 




2eBn 


{m^ + 2eBn) log(£ + \/— m? — 2eBn) 


'dU , df. 


+ 


de de 


At low temperature the contributions from /_ and from the upper limit in the 

hrst term are exponentially small (/r > 0). Making change of variables and rewriting the 
derivative of the Fermi distribution as = —^cosh“^(^^) we may present Eq.(|^) as 
follows: 


r«(T,5,/r) = 
eB 


— (m^ + 2eBn) log \/m? + 2eBn9{n — + 2eBn) + (9) 

(2vr)" I 


' y/ni^+2eBn— 


dq 


(/i + g) V^(/i + qY — m? — 2eBn — 


(m^ + 2eBn) log (^(/i + q) + + g)^ — m? — 2eBn^ cosh ^ 


At low temperature the derivative of the Fermi distribution approaches the ^-function and 
in the T —>■ 0 limit we arrive at Eq.(j^). To get low-temperature corrections one may extend 
lower boundary of the integration in Eq.(^ to —oo (the function ^cosh“^(^) decreases 
sharply as one moves off the point g = 0). Then one should expand the expression in 
the brackets in a Taylor series at g = 0 to obtain in the leading order the following low- 
temperature correction to the zero-temperature Lagrangian [^: 


Ar®(T,i?,/r) = 




[4i^] 

E bn 




+ O(T^) 


( 10 ) 


6 ^0 (h^ ~ ~ 2eBnyB 

Hence, only those Landau levels which have the edge laying below the Fermi surface give 
rise to the effective Lagrangian at a low temperature. 

The above expansion is valid as long as 


T 


/r — \/rnF+~2eBn 


< 1 


( 11 ) 


which means that the distance from the edge of any Landau level ek{p\\) = \/m? + 2eBk to 
the Fermi surface /i is much greater than the temperature (this means also that the Landau 

{highest excited) should be partially hlled, i.e. its edge cannot coincide 


level with n = 




2eB 


with the Fermi surface). 
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3 Fermion density and polarization operator 


Having the expressions for the effective Lagrangian we may move forward to calculate the 

d£eS Q£eE 

fermion density p = ——, the magnetization M = , the Hall conductivity and some 


0 


dp ’ OB 

components of the polarization operator in the static limit po = 0 , p - 

Using Eqs. 0 . © and dehnitions of the fermion density p = —— one has: 


p{B,p,T) = 


( 12 ) 


eB 




bn\Jp^ — rn? — 2eBn si — 




+ 2eBn 


n=0 


6 (p 2 




2eBny 


+ O(T^) 


Then, we may calculate hve components of the polarization operator in the static limit 

Po = 0, p —0. As it was shown in Ref. [^, the Hoo-component of the polarization operator 

may be written in the static limit as a derivative of the fermion density with respect to the 

dp 

chemical potential, noo(po = 0 , p —> 0 ) = e^ —, 

dp 


noo(Po = 0, p 0) = 

[ 2eB \ , 

H K \ 


(13) 


,eBp 


2'k‘^ 


m 


n=0 


^ n_i /9 ^9 9 171“^ + 2eBn ] 

^ (/i2 _ ^2 _ 2eRn)5/2 J 


At R = 0 noo(po = 0,p 0) dehnes the Debye screening radius, = noo(po = 

0, p —0) [T^ but this relation does not hold for p,B 7 ^ 0 as the tensor structure of the 
polarization operator is more complicated now (modihcation of the Debye screening will be 
discussed in Section 5. See also an instructive QED 2+1 example [pOp. 

The components Hoi = Hp and no 2 = H^g in the static limit may be expressed via 
derivatives of the fermion density with respect to magnetic held: 


dp 

noi(p ^ 0) = leSijPi— i,j = 1, 2 
which follows from the dehnition of the polarization operator, 

6 < j^{x) > 


= i 


6A^{x') 


(14) 


(15) 
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Analyzing the general structure and symmetry properties of the polarization operator we 
may readily dehne one of the scalar coefficients of the polarization operator. The polarization 
tensor in QED 3+1 with a uniform magnetic held at T, /i 7 ^ 0 may be decomposed over 
six tensor structures 13 (we are using a slightly modihed with respect to Refs. E, 0 
expression): 


n^^(p|T,/i,R) = 








(pw) {puy 


C + F^xP^F^^p-^V + 


(16) 


^ - pyF^xP^ + p^F^^') 8 + i (u^F^xP^ - u^F^xP^ + {pu)F^^^ T 


The scalars A, B, C, V, 8 and F are the functions of pg, P 3 = Py, Pi + pi = pI and B 


is the 4-velocity of the medium [T^, = (1, 0, 0, 0)) , therefore only the last tensor structure 

may contribute to Iloj and we may dehne the coefficient F in the static limit (JF 7 ^ 0 at 
R,p^ 0 only §): 


Hp«-o, p^o) = |^ 


(17) 


It is easy to see that the components Iloj describe a conductivity in the plane orthogonal 


to the magnetic held which is Hall-like ^ 

dji dUoi{p) 


dE, 


= i 


E^O 


dpj 


p—>0 


dp 

= »,7 = 1,2 


(18) 


Substituting into Eg. (plSf) the expression for the fermion density, Eq.(|^ one has 


[ 4 #] 

Ho^Po, p ^ 0) = '-^Fr H 

J p? — m? — ?)eBn T^vr^ (p^ — eF — 2eBn){m? + 2eBn) + 3eBnp^ 

\ {p? — m? — 2eBnyF 3 (^2 _ ^2 _ 2eBnyF 


• (19) 
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It follows from the above expression that the Hall conductivity in the QED 3+1 is an 
oscillating function of the chemical potential and the magnetic held and in the T —> 0 limit 
it has an inverse square-root singularity (we would like to remind that polarization operator 
in QED 3+1 with a uniform magnetic held has just the same kind of singularities [|^). These 
oscillations are close to “giant oscillations”, well-known in condensed matter physics and 
resonant ehects in QED p, and semiconductors |^, In the next Section we shall 
calculate hnite-temperature corrections at the points p —>■ y/m? + 2eBk to show how the 
temperature cures the singularities. 


4 Low-temperature expansion at /i = [w? + 2eBkY^‘^ 

Now we shall show how a low-temperature expansion at /r —>■ y/m'^ + 2eBn may be derived. 
At T = 0 the functions, calculated in the previous Section are not smooth and components 
of the polarization operator even do not possess a continuous limit. As an example we shall 
consider the Hall conductivity, e|^. 

Diherentiating ehective Lagrangian Eq. (|^) with respect to p to obtain the fermion density 
at arbitrary T and taking derivative with respect to B (we assume below T to be small, thus 
/--dependent part may be omitted) one has: 


cr = CT(1) -h (7(2) 




df+ dsk 
dsk dB 


Let us consider a( 2 ) hrst. Making change of variables one gets: 


( 20 ) 




dz 


xI{z +hY- m?-2eBk 


1 

’4T 


cosh 


-2 M 
V2T 


( 21 ) 


Assuming /i — y/m? + 2eBko and extracting the fco-temi from the sum (^T]) (the remain¬ 
ing contribution to < 7 ( 2 ) may be derived along the same lines as in Section 2) one has: 


1 ;™ _ 

/ 2 —> a / rrfi+2eBko ( 2 ) 


ekn 


foo 

ck , = cosh“^ 




'0 y/Z 2p 

Expanding the inverse square root in Eq.(^) at z = 0 we finally obtain: 


( 22 ) 


^( 2 ) - 


g(23/2 _ l)C(l) ^2 _ ^2 
87r5/2 y2T> 


(23) 
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Making a similar calculation for a(i) one has (T(i) ~ \/T. Therefore, at a hnite temperature 
the inverse square-root singularity in the expression for the Hall conductivity (as well as for 
above-mentioned components of the polarization operator) is smoothened down. The leading 
contribution in the low-temperature limit is finite and proportional to . Making the 
similar expansions for the fermion density and magnetization one may see that the hnite- 
temperature correction levels corresponding zero-temperature expressions (cf. |]T^ p!5|). 


5 Debye screening via effective action 

The most interesting application of the above analysis is the possibility to study the static 
screening properties of the magnetized nondissipative relativistic electron-positron gas. To 
study the screening the gauge field Green function with appropriate quantum corrections 
is required, 


— {D liV 


-1 


(24) 


is the tree-level propagator. 

Formally, there are no obstacles to obtain an expression for by inverting the corre¬ 
sponding matrix, but with H^,^ as complicated as in Eq.(|T^) it requires unwieldy algebra. 
Another possibility to calculate is to solve the eigenvalue equation, = K,b^ and 


to rewrite n^i,(p) in the diagonal form 


Then, one readily obtains 




f\jl 


i=l 




(25) 


= Y. 


hb'lhb'l* 


Jp - Ki hftrPP 


(26) 


but this representation either does not simplify the calculation of a specific component of 

To investigate the Debye screening one needs T>qq(po = 0, p). For this particular case we 
have made the relevant calculations in the Feynman gauge keeping all structures contained in 
the expression (^). We have no possibility to present this cumbersome result and show the 
static limit of the expression only. The coefficients M, C, T> and £ happen to be subleading 


in (see also Ref. |^) and may lead to some finite corrections (of order e^) which do not 


affect the qualitative picture. The final expression may be written as follows (JF = BT)\ 


















( 27 ) 


(tloo + p^)p^ + Pp\ 

The Coulomb potential, 

^o(x) = J dpe~^^^Voo{po = 0, p)jo(px) (28) 

in the case of a point-like test charge may be calculated only numerically so we shall study 
examples of simpler charge conhgurations (i.e. these reducing one of momentum integrations 
in Eg . (12^) ). For instance, let us consider the held of an inhnitely long charged thin rod 
parallel to ; 2 -axis. In this case 


roo p2n 

^oir) = pc P±(i)± / dpe 

Jo Jo 


—ip±r cos (j) 


noo + ^2 + p2 


— PcKo(^V ^00 + ) (29) 


Kq is the modihed Bessel function, hmr^ooKo(^) ~ ^ screening in QED 2 + 1 , 

Ref. @). 

Therefore, in the presence of a strong background magnetic held the Debye screening is 
described by at least two scalar functions and the suggestion that IIoo only is responsible for 
screening at i?,/i 7 ^ 0 made in Ref. |]^ is incorrect. 

Then, let us consider potentials of charged planes parallel and orthogonal to magnetic 
held: 


^o(a:i) = Pc dpi 




dlo(^) =PcJ dp\\ 


noo + + p\ 

-IP||Z 




noo + ^2 




vnoo 


(30) 


(31) 


ffoo + Pjj 

We may see that the Debye radius is splitted in plasma with external magnetic held, r|) 
therefore, screening is anisotropic (in Ref. il it was shown that the small-distance screening 
depends on direction at /i = 0 and high T). We would like to stress that at a realistic values 
of parameters the long distance anisotropy is quantitatively small (in the vicinity of Landau 
level edge IIoo and may be of the same order, but in that case the screening radius will be 
much less than an average distance between the particles and the Debye approximation fails). 
In the above-described examples the anisotropy in the leading order is due to additional 
tensor structure only (cf. resonant ehects described in Refs. O, 0,1^, ^). 
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Supposing that the coefficients A, C, T> and £ will not affect qualitatively the other com¬ 
ponents of we may write the latter in the static limit as follows (we are using the 
Feynman gauge): 


/ 


V~^ = 


V 


lTp2 

0 

0 


0 

0 


0 \ 
0 
0 


(33) 


/ 


-(noo + P^ 

-lTp2 
iTpx 

0 u u 

It is easy to check that antysimmetric p-linear structure in the polarization operator, 
unlike Chern-Simons term in QED 2+1 |2^, does not lead to magnetic screening (we would 
like to stress that with the polarization operator Eq.(|^) condition Iljj = 0 ||^ does not 
guarantee the absence of the magnetic mass). 


We have demonstrated that it is possible to perform a low-temperature expansion in 
QED 3+1 with a uniform magnetic field. In the framework of this expansion both effective 
Lagrangian and derivative functions have the same structure as in the T = 0 limit, i.e. they 
are finite sums over excited Landau levels. We have calculated the components of the polar¬ 
ization operator responsible for the Hall conductivity and Debye screening in a finite fermion 
density QED 3+1 with a uniform magnetic field. We have shown how finite temperature cures 
zero-temperature singularities. Static potential of some charge configurations was calculated 
and anisotropy of the Debye screening was demonstrated. 
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